The long-standing issue of the nature of the critical line of lattice QCD with the Wilson quark action at finite-temperatures, defined to be the line of vanishing pion screening mass, and its relation to the line of finite-temperature chiral transition is examined. Analytical and numerical evidence are presented that the critical line forms a cusp at a finite gauge coupling, and that the line of chiral transition runs past the tip of the cusp without touching the critical line. Implications on the continuum limit and the flavor dependence of chiral transition are discussed.
Elucidating the nature of chiral transition separating the high-temperature quarkgluon plasma phase from the low-temperature hadron phase has been one of the focal points of effort in recent numerical simulations of full lattice QCD including light dynamical quarks. Much of work in this direction has employed the Kogut-Susskind quark action since it retains a U(1) subgroup of chiral symmetry. On the other hand, studies with the Wilson quark action are less well developed in spite of the effort over the years [1, 2, 3] . In fact, two issues, which are fundamental for understanding the chiral transition with this action, have not been fully clarified to date. Both of the issues originate from the difficulty of identifying the chiral limit of massless quark due to the presence of explicit chiral symmetry breaking in the action, which is introduced to avoid the well-known species doubling problem.
For the case of zero temperature pion mass has been conventionally employed to deal with this problem. Let β = 6/g 2 be the inverse gauge coupling and K the hopping parameter which controls quark mass. There is much evidence from analytical considerations and numerical simulations of hadron masses that the pion mass vanishes along a line K = K c (β), the critical line, which runs from K c (β = 0) = 1/4 in the strong-coupling limit to K c (β = ∞) = 1/8 in the weak-coupling limit. At finite temperatures, one is then naturally led to define the critical line in terms of the pion screening mass extracted from the exponential decay of pion propagator for a large spatial separation. The first issue in understanding the chiral transition is how the critical line thus defined behaves as a function of β and the temporal lattice size N t , and how it is related to the critical line at zero temperature.
The second issue concerns the relation of the critical line and the line of finitetemperature chiral transition K = K t (β), the thermal line. Naively one would expect the thermal line to meet the critical line at some value β = β c . In this case, the region bounded by the thermal line and the critical line for β ≤ β c represents the low-temperature phase and the other region the high-temperature phase. However, initial simulations [1] failed to find clear indications of such a behavior; the two lines appeared to run almost parallel toward the region of strong coupling, down to β = 5.0 − 4.5 for the case of N f = 2 flavors. These results raised the question if the two lines meet at all, which has led to subsequent studies [2, 3] . In particular the QCDPAX Collaboration carried out simulations down to the strong coupling limit β = 0 and concluded that the two lines meet at β ≈ 3.9 − 4.0 [2] . However, their result has not satisfactorily answered the question in our view since the nature of the critical line at finite temperatures we have addressed above has not been clarified in their work.
In this article we report results of our study on the two fundamental issues summarized above. Our analyses are based on the idea of spontaneously breakdown of parity and flavor as a characterization of the critical line, which has been put forward by one of us [4] . The phase structure we found exhibits some unexpected features which we substantiate with analytical arguments and hybrid Monte Carlo simulations of N f = 2 flavor full QCD with the Wilson quark action on an 8 3 × 4 lattice. We shall also discuss implications of our results on the continuum limit of the N f = 2 chiral transition and extensions for the case of N f ≥ 3.
The starting point of our analysis is the Gross-Neveu model in two dimensions formulated with the Wilson quark action [5] . Except for confinement, this model has the features quite similar to those of QCD: asymptotic freedom, spontaneous breakdown of chiral symmetry and its restoration at a finite temperature. In the large N limit, the pion mass in this model is analytically calculable in the saddlepoint approximation. In Fig. 1 we plot the critical line corresponding to m π = 0 on the (g, m) plane for the temporal lattice sizes N t = 2, 4, 8, 16 and ∞ where g and m are the bare coupling and quark mass, the latter related to the hopping parameter through K = 1/(2m + 4). The result for N t = ∞, which has been known for some
time [4] , shows that the critical line forms three cusps which touch the weak-coupling 50 − 100 trajectories were generated after thermalization with local observables measured for each trajectory. At β = 4.0 and 3.5 hadron propagators were evaluated at every two trajectories by periodically doubling the lattice in spatial directions
In Fig. 2(a) we present our result for π and ρ screening masses at β = 3.5 as a function of 1/K. Also plotted is the quark mass defined via the axial vector Ward identity [7] . To the right of the figure is the low-temperature phase bounded by the conventional critical line at K c ≈ 0.2267 where the pion mass squared and the quark mass linearly vanish almost simultaneously. Clearly there exists another critical line at K c ≈ 0.2454 below which the pion and quark masses behave in a reverse manner. Results for β = 4.0 are shown in Fig. 3(b) . The vertical line marks the point where the two linear extrapolation of the pion screening mass squared in Fig. 2(b) cross each other. The increase of the three quantities across the line shows that the thermal line comes close to the critical line at β = 4.0.
In Fig. 4 Let us finally add that we expect the qualitative features of the phase structure we found to hold for a wider class of Wilson-type actions including the clover action [10] . 
